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SMALL CANCELLATION THEORY 
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BY 
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ABSTRACT 

We introduce a new small cancellation condition, the condition W(4), which 
weakens the condition C(4) & T(4), and develop the corresponding small 
cancellation theory. In this paper we develop the basic theory and prove a 
version of Greendlinger's Lemma. In the forthcoming papers with the same title 
we prove the word problem and the conjugacy problem for groups having a 
presentation which satisfies the condition W(4). 

Introduction 

The objective of this and the forthcoming articles with the same title is to 

introduce a weakened small cancellation condition which makes the theory 

substantially more flexible than classical Small Cancellation Theory.  

The motivation for weakening small cancellation hypotheses can be explained 

by the following example:  Let  ~d be a finitely generated group defined by the 

single relator [A,B,B] = 1, where A , B  E ~, [A ,B]= A-1B-1AB and 

[A,B,B] = [[A,B],B]. We would like to study this group through its presenta- 

tion and in particular to solve the conjugacy problem for it. Now, if A and B are 

generators of ~d (A ~ B)  then it follows easily that this presentation of ~d satisfies 

the condition C(4) & T(4), hence by the classical theory it has solvable conjugacy 

problem. Though ~d resembles a small cancellation group even for the case when 

A and B are not generators,  it satisfies neither C(4) & T(4) nor C(6). For it may 
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very well happen that in a diagram M, which represents a word equal to 1,,, there 

are two regions, say D~ and D2, such that D~ has many neighbours but its 

boundary also has vertices with valency 3, while D, has exactly 4 neighbours and 

every vertex on the boundary of D2 has valency at least 4. Thus our problem is to 

formulate a small cancellation condition which incorporates the condition C(4) 

& T(4) and some of the conditions C(p) for some p. 

This we resolve by introducing a common generalization of the conditions 

C(4) & T(4) and the condition C(8) with 3 interim conditions in such a way that if 

a region has "few" neighbours then this fact is compensated by the requirement 

that some of the vertices on its boundary have valency at least 4. (For the precise 

definition see 1.1.) We call this condition "Weak C(4) & T(4)" or briefly 

condition W(4). 
In this paper we develop the basic theory for diagrams which satisfy the 

condition W(4) and in [1] and [2] we solve the word and conjugacy problems 

respectively. 
This W(4) theory is particularly suitable for studying some finitely generated 

groups defined by relators which are commutators of sufficiently high weight. 

For example, finitely generated groups defined by a single relator which is a 

commutator of weight ->_ 4 have solvable conjugacy problem, as they have a 

presentation which satisfies the condition W(4). (See [3], [4] and [5].) For the 

same reason several other finitely generated groups have solvable word and 

conjugacy problems. (See [6] and [7].) In some cases it is relatively easy to detect 

that a group has a W(4) presentation. (See [6].) 
The main result of this paper is the following version of Greendlinger's 

Lemma for W(4) maps. 

THEOREM A. Let M be a connected, simply connected map which satisfies the 

Condition W(4) and contains more than one region. For every boundary region D 

of M denote by i(D) the number of inner edges of D. Then M has a set @ of 

boundary regions with i(D)<= 3 such that the following conditions hold: 

(I) OD n cgM is connected for every D E ~ ; 

(II) if i(D) = 3 then ~gD has an inner vertex width valency 3; 

(III) E o ~  [4 - i(D)] _-> 6. 

Let us outline very briefly the proof of the theorem. 

We associate to every inner region D of a map M a number S(D) which may 

be regarded as a measure of the "curvature" around D. We show that if 

S(D) <= 0 for every inner region D then the theorem holds by arguments from 

the classical theory. We call such maps G(3). At this point we introduce 
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separating paths which are the main tool of the theory, and using them to define 

some reduction process from general W(4) maps to G(3) maps. 

The paper is organized as follows. Let q3 = (x ] ~ )  be a presentation of ~ with 

symmetrized. 

In section 1 we define the condition W(4) and indicate how this condition can 

be checked in ~. In section 2 we prove the basic properties of W(4) maps, 

namely that in a connected and simply connected map which satisfies the 

condition W(4) the closure of every region is simply connected and the common 

boundary of two different regions is connected. In section 3 we deal with maps 

which satisfy the condition G(3). 

In section 4 separating paths are introduced. We prove with the aid of the 

results in section 3 that every simply connected W(4) map with connected 

interior which doesn't satisfy G(3) does have separating paths. This is the central 

result of the whole paper. 

In section 5 we prove our main Theorem. 

§I. The condition W(4) 

In this paper we follow the notation of [8]. Also we refer to [8] for unexplained 

terms. In what follows we shall mean by a connected and simply connected map 

a simply connected map with a connected interior. 

1.1. DEFINITION. Let M be a map. We say that M satisfies the condition W(4) 

if for every region D in M for which aD N aM doesn't contain an edge one of 

the following holds (see Fig. 1): 
(i) d ( D ) = 4  and d(v)->4 for every vertex v on OD. 
(ii) d(D)= 5 and d(v)= 4 for at least 4 vertices v of aD. 

(iii) d(D)= 6 and d(v)= 4 for at least 3 vertices v of aD. 

(iv) d(D)= 7 and d(v)= 4 for at least 2 vertices v of aD. 

(v) d (D) >_- 8. 

1.2. The condition W(4) is defined in terms of the number of neighbours d(D) 

and the valency of the vertices of aD. Let us denote by a(D) the number of 

edges of D which has an endpoint with valency 3. Then the following 

proposition shows that the condition W(4) implies a kind of "average" C(4) & 

T(4) condition. 

PROPOSITION. Let M be a W(4) map and let D be a region of M such that 

aD f3 aM doesn't contain an edge. If D is simply connected then d (D ) -  ½ a (D ) >= 

4. 



68 A. JUHASZ Isr. J. Math. 

(i) 
(ii) 

@ 
(iii) 

(iv) (v) 

Fig. 1. 

PROOF. Immediate by Definition 1.1. 

1.2. REMARK. In practice one is interested in algebraic conditions on the 

relators which ensure the condition W(4) on the corresponding diagrams. Since 
the condition W(4) is defined in terms of the number of edges of an inner region 

and in terms of the valency of its boundary vertices, we can easily formulate such 

a condition, if we can interpret these geometrical terms algebraically. But such 

an interpretation is clear. (See [8], p. 242.) 

§2. Basic properties of maps with condition W(4) 

2.1. Simply connected maps which satisfy one of the classical small cancella- 

tion conditions have the nice properties that the boundary of every region of it is 

a simple curve and if two regions have a nontrivial common boundary, then it is 

connected. (See [9].) The main result of this section shows that maps with 

condition W(4) also share these properties. 

2.1. THEOREM. Let M be a connected, simply connected map which contains 

more than one region. If  M satisfies the condition W(4) then 

(a) OD is a simple curve for every region D of M. 

(b) If  DI and D2 are regions o[ M such that aD1 tq c9D2 ~ 0 then cgD~ tq OD2 is a 

connected simple curve. 
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(c) Every connected and simply connected submap Mo of M with a simple 

boundary and without boundary edges on OM has at least 4 neighbours. Here a 

region D is a neighbour of Mo if OD n OMo contains an edge. 

The proof of the theorem follows the ideas of [9]. 

In order to make things more transparent we introduce below a notion of 

convexity. This notion is due to E. Rips and it did not appear in the original 

version. I am indebted to Professor Rips for his suggestion. 

DEFINITION. Let M be a map. M satisfies the condition C N ( k )  if for every k 

regions D1 . . . .  , Dk in M every component of/)1 U ""  U E3k is simply connected. 

Clearly CN(k)  ~ CN(I)  for l _-< k. Our theorem can be rephrased as follows: 

THEOREM. Let M be a connected and simply connected W(4) map. Then M 

satisfies CN(3). 

Recall that for a region D we denote by d (D) the number of edges of D. For 

every vertex v in a connected and simply connected submap Mo of M we denote 

by do(v) the valency of v in M0. 

2.2. We prove the theorem through the following lemma. 

2.2. LEMMA. Let M be a connected map and let Mo be a connected simply 

connected submap of M which has no boundary edges on OM. Assume that 

(i) M satisfies the condition W(4), 

(ii) every region of Mo has a simple boundary. 
Then 

(a) EMo[3--do(v)] _-> 4, where the summation is over the boundary vertices of 

Mo. 
(b) 8Mo contains at least 4 vertices with valency 2 in Mo. 

PROOF. (a) By the basic formula (3.2) in [8, p. 243] with p = q = 4 

~ "  [3 - do(v)] + ~ o  [ 4 _ d o ( v ) l + ~ , [ 4 _ d ( D ) ] > 4  " =  
M0 M0 Mo 

Hence it is enough to show that E?,o[4-do(v)]+EMo[4-d(D)]<-_O. As 

4 - do(v) <- 0 for every v with do(v) >= 4, we shall prove 

E ~ v  [ 4 -  do(v)] + E [ 4 -  d (D)]  ~ 0. Here V is the set of all the inner vertices of 

Mo with valency 3. Denote 

= ~ [4 - do(v)] + ~ [4 - d (D)]  
v E V  MO 
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and denote @ = L. l~vN(v)  where N(v) is the set of all the regions of M which 

contain v on their boundary. Since for every region D in M~, OD contains no 

edges in OM, so d(D)=>4 by Definition 1.1 and we have 

(1) 6 -< ~2 [4 - d,,(v)l + ~, [4 - d(D)l.  
v ~  V D ~ f ~  

Now, for every v ~ V, 4 -  do(v) = 1 holds and for every v E V there are exactly 

3 regions in @ which contain v, as every region of Mo has a simple boundary by 

assumption. Consequently E ~ v  [ 4 -  do(v)] = IV[ and if a(D) is the number of 

edges of OD which have an endpoint in V then I VI<=~Eo~,j,a(D). Thus 

(2) ~ [4-  do(v)]<-- ~ r ~  a(D ). 

Substituting (1) in (2) gives 

(3) 6 < ~. [~a(D)+4-d(D)] .  
DEg• 

But ~ a ( D ) + 4 -  d(D) = - (d(D)-~a(D)-4)>=O by Proposition 1.2. Conse- 

quently, (3) implies 6 _-< 0, as required. 

(b) If v is a boundary vertex of M,, then 3 -  do(v)> 0 only if do(v)= 2. Thus 

the result follows directly from part (a). 

REMARK. If V is a boundary vertex of Mo with valency 2 then Mo has a unique 

boundary region which contains v on its boundary and because of CN(1) there 

are at least two regions in M which are not in Mo and which contain v on their 

boundary. This leads to the following. 

PROPOSmON. Let M be a connected and simply connected map. Consider the 
set .7 of all the connected and simply connected submaps Mo with the property that 
OM ('10Mo doesn't contain an edge. If every Mo in 5 ° contains at least k + 1 
(k _-> 1) vertices with valency 2 on its boundary then M satisfies CN(k).  

PROOF. We prove the proposition by induction on k. 

k = 1 : Let D be a region in M. If D is not simply connected let H~ . . . . .  Hr be 

the bounded components of M\D. Every Hi is simply connected and there exists 

an H~ which is connected to exactly one ~ by a boundary edge of OD. (See Fig. 

2.) 
Assume H is such a component. Then H has exactly one boundary vertex w 

with do(w)= 2, namely the endpoint of the edge connecting H with another 

component. But this contradicts the assumption of the proposition. 
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HL 

Fig. 2. 

k > l :  Let Dt , . . . ,Dk be regions in M such that B = / 3 ~ U ' " U / S k  is 

connected. We have to show that B is simply connected. Suppose this is not the 

case and let H be one of the holes in B. Let aD~ n a H ~ .  Then either 

aD~ n OH is connected (see Fig. 3a) o r / ~  U/3~ is not simply connected (see Fig. 

3b). 

(a) (b) 

Fig. 3. 

We claim that for every D~ such that OD~ n OH¢ Q, cgD~ n OH is connected. 

For if not then /5~ U / 4  is not simply connected and each one of the holes of 

/5~ U/~,- contains at least one D s. Let Bo be obtained from B by deleting all /5 s 

such that D s is contained in some hole of/5~ U/4. Then Bo is simply connected 

by the induction hypotheses. On the other hand B0 necessarily has a hole /4, 



such that Ho_D H, a contradiction. Thus OD Cl OH is connected. Therefore,  we 

can write 

(see Fig. 4). 
1 - - -  

OH = v ~ , ~ v j ~  " " v~-t~Vo, where/~i = OH fq D~i 

72 A. JUHASZ Isr. J. Math. 

Fig. 4. 

Thus l = k. Since every/3~ is simply connected, we see that vo, vl . . . . .  v~-i are 

the only vertices on OH for which d . (v )  = 2 may hold, a contradiction. Thus B is 

simply connected, as required. 

2.3. PROOF OF THE THEOREM. By Lemma 2.2(b) every M , , ~  2¢ contains at 

least 4 vertices with valency 2. Consequently, by Proposition 2.2, M satisfies 

CN(3), as required. 

§3. Maps satisfying the condition G(3) 

3.1. The Curvature Formula for connected and simply connected C(4) & T(4) 

maps was derived through the basic formula [8]. The final argument was that 

since d(D)=>4 and d(v)=>4 for every inner region D and inner vertex v, (*) 

below holds. 

(,) 6 = ~ °  (4 - d ( D ) )  + ~,° (4 - d ( v ) )  <= O. 

However,  it is clear that even if the condition C(4) & T(4) doesn't  hold but we 

can guarantee in some way that the positive contribution to 6 due to vertices of 

valency 3 is fully compensated by a negative contribution due to regions which 

have more than 4 neighbours, we still can satisfy (*). The problem in using this 

idea is that while (*) imposes a global condition on M the conditions on ~ imply 
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local conditions on the regions. We introduce below an almost local condition 

which almost implies (*). (See Lemma 3.3.) 

3.2. DEFINITIONS. (a) Let M be a map and let D be an inner region of M. For 

every vertex v of OD let k(v) be the number of inner regions which contain v on 

their boundary (inner star of v). Define 

S ( D ) = 4 -  d(D)+ v~,D ~ 4 -  ~ v ( ; ) k  

Since D is an inner region clearly k(v) _-> 1 for every v E OD, hence S(D) is well 

defined. S(D) measures the "local curvature" around D. 

(b) Let M be a map. We say that M satisfies the condition G(3) if the following 

two conditions hold: 

(i) Every inner vertex v with valency 3 is contained on the boundary of at 

least one inner region; 

(ii) S(D)<=O for every inner region D of M. 

3.3. LEMMA. Let M be a map which satisfies the condition G(3). Then 

~ °  [4 - d (D) l  + ~',° [4 - d(v)l  =< 0. 

PROOF. Denote by @,, the set of all the inner regions which contain a vertex 

with valency 3 on their boundary. For D E @,, denote by V(D) the set of vertices 

with valency 3 on OD. Since every inner vertex v with valency 3 is on the 

boundary of a D G @, by assumption (i) and moreover v is on the boundary of 

k(v) regions of @0 we have 

(1) ~,'[4-d(v)]<--D~,,(~ ~v(D 4k~v(;)). 

On the other hand as d(D)=> 4, the following clearly holds: 

(2) ~ ] ° [ 4 -  d ( v ) ] _  <- ~] 

Combining (1) with (2) we get 

2° [4  - d (D)]  + ~ ° [ 4 -  d(V)]  =< o~,,~ [ 4 -  d(D)+ 

(4 - d (D)). 

S(D). 
uEV(D) k D~(I  

But by assumption (ii), S(D)~ 0 for every inner region D. Consequently 

~ o  [4 - d (D)]  + ~ °  [4 - d ( g ) ]  =< 0, 

as required. 
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As a corollary we have the following Curvature Theorem for G(3) maps. 

PROPOSITION. Let M be a connected and simply connected map which satisfies 

the condition G(3). Then Z°(3 - i(D))->_4. 

PROOF. The proof is the same as for the case C(4) & T(4). We reproduce it 

here for sake of completeness. By formula 3.2 in [8, p. 243] we have with 

p = q  = 4  

~ "  [3 - d (v)] + ~'~° [4 - d(v)] + ~'~ [4 - d(D)] _-> 4. 

Passing to the dual map this gives 

i.e. 

~ ' [3  - i(D)] + ~° [4 - d(D)  l + ~o [4 - d(v)] => 4, 

~ "  [3 - i(D)] + 6 => 4. 

But a =< 0. Hence £" [3 - i(D)] _-> 4, as required. 

The condition W(4) doesn't imply the condition G(3), i.e., in a map satisfying 

W(4) there can occur inner regions D with S ( D ) >  0. Nevertheless, as we shall 

see, for most inner regions of a map satisfying the condition W(4) there holds 

S(D) =< 0. Namely 

3.4. LEMMA. Let M be a connected, simply connected W(4) map and let D be 

an inner region in M. If every vertex with valency 3 on OD lies on the boundary of 

at most one boundary region then S(D)<= O. In particular, if D has no common 

boundary with any boundary region then S ( D ) -  -< 0. 

PROOF. By CN(1) the number of vertices on OD is d(D).  Consequently 

S(D)_-< 4 - d(D)+½d(D) .  If d(D)_-> 8 then 4 -  d ( D ) + ½ d ( D ) =  4-½d(D)=<0,  

hence S ( D ) ~ O .  If d(D)  = 7 then we may have at most 5 vertices with valency 3 

each contributing ½ at most to S(D).  Thus S(D)=<4-7+½"5=<0.  

If d ( D ) = 6  then OD has at most 3 vertices with valency 3 hence S(D) -< - 
1 

4 - 6 + ½ . 3 =  - ~ < 0 .  
If d ( D ) = 5  then S ( D ) = < 4 - 5 + ½  • 1 = - ~ < 0 .  Finally for d ( D ) = 4 ,  S ( D ) =  

4 - 4 + 0 = 0 .  

3.5. In the situation described by the above lemma, k(v)=> 2 holds for every 

inner vertex with valency 3, hence S(D)  <= 4 - ½ d(D).  The following proposition, 

which is a key result for our theory, shows that an inner region D of M with 

S ( D ) >  0 occurs in a rather specific situation only. 
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PROPOSITION. Let M be a connected and simply connected map satisfying the 

condition W(4). Let D be an inner region of M such that S ( D ) >  O. Then there 

exists an inner vertex v of valency 3 and 3 distinct boundary regions D~, D2 and 

D3 such that v E OD 71 aD~ fq aD2 and OD (q ODi contains an edge for i = 1,2,3. 

Moreover, if I.t3 = OD (q OD3 then o (/z3) has valency 3 in M (see Fig. 5). 

Fig. 5. 

PROOF. If d ( D ) =  4 (i.e. every vertex on OD has valency at least 4) then 

certainly the condition W(4) implies S ( D )  < O. Thus we have only to check the 

cases d ( D )  = 5, 6, 7 and _>- 8. Since M satisfies CN(2) by Theorem 2.2(b), cgD 

has a decomposition 

(*) OD = v~e~v2ez. . . vde~v~, where d = d(D ), 

such that if e, is on the common boundary of D and a region El (see Fig. 6), then 

i / j  implies E~/Ej .  

Fig. 6. 
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By the assumption S ( D ) >  0. By Lemma 3.4 there is a vertex, say Vh on OD 

with valency 3, such that vl is common to two boundary regions Ed and El. 

Consequently k(vO = 1. Assume now the proposition is false. Then Ed and E, 

are the only boundary regions of M which are neighbours of D (see Fig. 7). 

Hence k(v2) >= 2, k(vd) => 2 and k(v,) => 3 for every t, 3 < t < d - 1. Let us show 

that this implies S(D)<=O in all four cases. 

/ 
\ 

Fig. 7. 

d(D)=5.  Then d(vi)_---4 for t#  1 hence 

S ( D ) = ( 4 - 5 ) +  + ~  k(v,) = -~+0=0.  

d(D) = 6. 

S(D) = (4_ 6)+ 4 - 3  N ' 4 - d ( v i ) = - l + N ' 4 - d ( v ~ )  
k - ( ~ ) + ~  k(v,) ~ k(~,) " 

We show that 

~ 4 -  d(v, )< 1. 
i=2 k(v,) = 

By the W(4) condition at most two vertices, say v, and v,, may have valency 3. 

Hence 

~ 4 - d ( v , ) < 4 - d ( v , ) +  4 - d ( v ~ ) _  1 < 
,=2 k(v~) = k(v,) k(v~) - k ( v , ) = l '  

as k(v,), k(vs) >- 2, by assumption. 
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d(D)= 7. 

- + S, 4 -  d(v,) 4 -  d(v,) S(D) = ( 4 - 7 ) +  k(v,) = - 2 +  ,=2 k(v,) " 

By the W(4) condition at most 5 of the vertices v2 . . . . .  v7 may have valency 3 and 

by the assumption at most 2, say vs and v,, 2 < s, t < 7, may have k(v,), k(v,) > 2 
while the remaining vertices vl will have k(v~)>= 3. Consequently, 

~4 - d ( v ~ ) <  1 1 5 - 2 < 1  1 3 
,=2 k(v,) =k~v,)+Ktv,)+,, ,;-7~, 3 

and S(D)<O. 
d(D)_-8 .  

S ( D ) < 4  - d + ~ ( d - 2 ) + - ~ + ½ < 0 .  

The rest of the proposition is clear from the construction. 

§4. Separating paths 

In the previous section we have seen that if a map M satisfies the condition 

G(3) then M has a curvature theorem (Proposition 3.3). On the other hand we 

have also seen that a map which satisfies the condition W(4) almost satisfies G(3), 

i.e. S(D) < 0 for almost all inner regions D. In this section we introduce the main 

tool of our theory, namely, the separating paths by which we shall treat the 

regions with S(D) > O. 

4.1. DEFINITION. Let M be a connected and simply connected map and let/~ 

be a simple path in M such that/.t A 3M = {0(/~), t(/~)}. Then M is divided by/~ 

into two submaps, say MI and 3//2. 

(1)/~ is called a separating path ofthefirst kind with respect to the ordered pair 

(M1,M2) if there exists a region D such that /~ C_ 3D. (See Fig. 8.) 

(2) p. is called a separating path of the second kind with respect to the ordered 

pair (M1,M2) if there exist distinct regions D1 and D2 in M1 such that 

I~ = Vol~lvll~2v2, where/~ is on the boundary of D~; i = 1,2 and vl has valency 3. 

(See Fig. 9.) 

(3)/~ is called a separating path of the third kind with respect to the ordered 

pair (M~, M2) if there exist distinct regions Dl, D2 and D3 in M~ and E in M2 such 

that D2 is an inner region in M and/~ = Vo#~Vll.*2v21.t3v31.~4v4, where /~1 C_ 3D1, 

t,2,1~3 C_ 3D2, 1~4 C_ 3D3 and either 

(a) i~t,lZ2C_3E and dM(v3)=3 



78 A. JUHASZ Isr. J. Math. 

Fig. 8. Fig. 9. 

or 

(b) 1~3,I~4COE and dM(v,)=3. 

We call M1 the core submap and M2 the shell submap; with respect to/z we 

shall denote MI by Core(/z) and M2 by Sh(/z). We call the regions DI,D2 and D3 

the associated regions to tz. (See Fig. 10.) 

The main result of this section is the following: 

4.2. THEOREM. Let M be a connected and simply connected map which 

satisfies the condition W(4). If M doesn't satisfy the condition G(3) then M has a 
separating path. 

vo 

4 

(a) (b) 

Fig. 10. 
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PROOF. By Definition 3.1, if M doesn't  satisfy G(3) then one of the following 

cases occur. 

Case 1. M has an inner vertex v with valency 3 which is not on the boundary 

of any inner region. 

Case 2. M has an inner region D with S ( D ) > 0 .  

We shall construct a separating path of the second kind in Case 1 and a 

separating path of the third kind or of the second kind in Case 2. 

Case 1. (See Figs. 11, 12.) 

Let Do, D1 and D2 be the boundary regions of M which contain v on their 

boundary. By the CN(2)proper ty  (Theorem 2.1) Do, Dl and D2 are all distinct. 

Decompose OD~, i =  0,1,2, as follows: 

OD~ = vtx~u~r~w~u~v, ~ 71 a M  = u~ and ~ D OM = w~, i = 0,1,2. 

1 ° If w~¢ v~+~ for some i then decompose /x~+l and v~ by /x~+~ = ate~3 and 

v~ = jt~a 1. (Here /x3 = t*0.) Due to the property CN(2) such a decomposition 

exists and by the assumption 3'¢ ~ a n d / 3 / ~ 3 .  We claim that Ix = w,+~/3 't3"v~ is 

a separating path of the second kind: It is a simple curve by the properties CN(2) 

and CN(1); it intersects OM exactly in w~+~ and v~, by the definitions of/*~+~ and 

v, ;/3 is on the boundary of D~+I and 3' is on the boundary of D~. (Here D3 = Do.) 

Finally dcorel,~(t)= 3. (See Fig. 11.) 

2 ° If w~ = v~+~ for all i =0 ,1 ,2  then the above arguments show ~hat p. 
- 1  u,+~lXi+,Vl~,U~ is a separating path of the second kind. (See Fig. 12.) 

Case 2. It follows from the definition of S ( D )  and from Lemma 3.5 that OD 

contains a vertex v with valency 3 and distinct boundary regions D1, D2 and D3 

of M such that ODi Cl O D ¢  (D for i = 1,2,3 and either v E OD, C~ OD2 in which 

case 0(OD3 71 OD) has valency 3 or v E OD2 D OD3 and t(OD~ rl OD) has valency 

1- I 

w4 u L 

w o 

U2 TO 

Tz 

w 2 
o 

_ - i  
u ~  Wo F-u2F2 vFju~ 

Fig. l l .  Fig. 12. 
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3. Without loss of generality, we shall choose the first possibility. Let /x, = 

ODi n OD for i = 1,2,3. By the properties CN(1)  and CN(2)  we can decompose 

OD~ and 0D2 as follows (see Figs. 13, 14): 

OD~ = 1)Ol lU[~ t t l~ l l ) ,  Oil G OM = u, 

OD2 = l)l~2t2132WO121), 0[2 n OM = w. 

Fig. 13. 

Distinguish two cases according as u = w or u #  w. 

1 ° u = w (see Fig. 13). Then a, = aZ' .  Let o(/z3)= s and let v be the shortest 

boundary path of D with 0 ( v ) =  v and t ( v ) =  s. Decompose  c9D3 by OD3= 

stx3ra3k~3s, ~3 n OM = k. Let /x  = ua~vvs~;~k.  We claim tha t / z  is a separating 

path. Clearly al,  v and /3; j are simple paths by the property CN(1) and 

al n v = {v} and v n /33  ~ = {s} by the property CN(2).  Also /x  n OM = {u, k}. It 

only remains to show that u ~ k. If u = k then /z  is a simple closed curve which 

meets OM in u only. Let ~ be the simply connected submap of M which has ix 

for its boundary.  Then the only neighbours of N are DI, D and D3, contradicting 

H W 

Fig. 14. 
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the property CN(3). This completes the proof that/x is a separating path of the 

third kind. (See Fig. 13.) 

2 ° ufi w (see Fig. 14). Then by the property CN(2) we have that a, A a2' is 

connected. Let a = o~ fq o~'. Then we have decompositions al = vavoa~u and 
- -1  t - -1  o~2 = VaVoa2W. Let i~ = ua, Voa2W. Then/~ is a separating path of the first kind, 

as is easy to show by the above arguments. This completes the proof of the 

Theorem. 

§5. Proof of Theorem A 

5.1. THEOREM. Let M be a connected, simply connected map which satisfies 

the Condition W(4) and contains more than one region. For every boundary region 

D of M denote by i (D)  the number of inner edges of D. Then M has a set @ of 

boundary regions with i(D)<= 3 such that the following conditions hold: 

(I) OD A OM is connected for every D E 9 ; 

(II) if i (D ) = 3 then OD has an inner vertex with valency 3 for every D E @ ; 

(III) E~,~ [4 - i(D)] -_> 6. 

Note that if M satisfies the condition G(3) then the theorem holds. We shall 

prove Theorem 5.1 by induction on [M I, the number of regions in M. Thus we 

assume 

~1: M satisfies Condition W(4) but does not satisfy G(3). 

~2: Every connected and simply connected proper submap of M 

with more than one region satisfies (I), (II) and (III) above. 

We carry out the induction step by removing one of the boundary regions of M 

and then applying the induction hypothesis for the resulting map M'. The next 

lemma guarantees that M always has a boundary region D which is appropriate 

for this purpose. 

5.2. LEMMA. Let M satisfy ~ and ~2 and let tz be a separating path of M. 

Then ShM0z) contains a boundary region D of M with iM (D ) < 3 such that (I) 

and (II) of 5.1 are satisfied. 

PROOF. We may assume without loss of generality that/~ is minimal in the 

sense that for no separating path z does ShM(z)CShM(/x) hold. Let H =  

ShM(/z) and let 9 '  be the set of boundary regions of H which results from ~2. 

We shall show that 9 '  has at most 2 elements which are not on the common 

boundary of H and M. 



82 A. JUH,~.SZ Isr. J. Math. 

(a) (b) 

(0) 
Fig. 15. 

Let D E @' and let rl = OD 71 OH. We claim that we cannot have r/C_/z. For 

assume 77 C_/~ (see Fig. 15). 

By the definition of a minimal separating path, ~7 satisfies exactly one of the 

following conditions: 

(i) ~ consists of one edge (see Fig. 15(a)), 

(ii) rt consists of two edges with a vertex of valency 3 between them (see Figs. 

15(b)) and 15(c)). 

(iii) rl consists of three edges with two vertices of valency 3 between them (see 

Fig. 15(d)). 

In case (i) dM(D)=< 4 and dM(D)= 4 only if iM(D)= 3. However in this case 

OD contains at least one vertex with valency 3, violating W(4). In case (ii), 

dM (D)  =< 5 and d,  (D)  = 5 if iM (D)  = 3, and dM (D) = 4 if iM (D) = 2. However in 

the case dM (D)= 5 OD contains at least 2 vertices with valency 3 while in the 

case dM (D) = 4, OD contains at least one vertex with valency 3 (namely in tz). In 

both cases W(4) is violated. Case (iii) contradicts the minimality of /~. Conse- 

quently, ~7~/-~ and if ~ Z  OM then either o(/z) E r t  or t(/z) E ~. Thus 9 '  has at 

most 2 elements which are not on OM. If I @'l > 2 then the number of elements of 

on om is at least [ 9 ' [  - 2, i.e., at least 1. On the other hand, if [ 9 '  I = 2 then 

ill(D)= 1 for every D E @', hence iM(D)G{2,3}; see Fig. 16(a). 

If iM(D)= 2  for at least one region in 9 '  then we are done. So assume 

i~(Dj) = 3, j = 1,2, where @i= {E~,E2} (see Fig. 16(b)). Since OEj has a vertex 

with valency 3 on its boundary (namely on /z) we are done in this case too. 

5.3. Before coming to the general case we eliminate three special cases in the 

following three lemmas. 
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j~J  

,a Ed 

(a) 

EZ 

Fig. 16. (b) 

LEMMA. Let D be a boundary region of M. If i (D)=  1 then (I), (II) and (III) 

hold for M. 

PROOF. Let M ' =  M\{D}. Then M' is connected and simply connected. We 

may assume that I M'I> 1. By the induction hypothesis for M', a set @' of 

boundary regions of M' exists, which satisfies the conditions (I), (II) and (III). 

Let E be the unique neighbour of D. (See Fig. 17.) 

Fig. 17. 

If E ~  @' then we may choose @ = @'. If E E 9 '  then the contribution of E to 

the sum in (III) is at most 3. Since the same is true for D, the set @ = 

@'\{E} U {D} satisfies the requirement of the theorem and the lemma holds. 

5.4. LEMMa. Let D be a boundary region of M. If  i (D) = 2 and the inner 

vertex v on OD has valency 3, then (I), (II) and (III) hold for M. 

PROOF. Let M'  = M\{D} and let El and E2 be the neighbours of D in M (see 

Fig. 18). Let 9 '  be the set of boundary regions of M'  guaranteed by the 

Fig. 18. 
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induction hypothesis and let ~ = {Ej, j = 1,2[ in,(Ej) = 3}. Let @ = 9 '  U {D}\~. 

We claim that @ satisfies the requirement of the Lemma. Condition (I) is 

satisfied by the construction of D and the induction hypothesis. Also (II) is 

satisfied by the induction hypothesis and the fact that v has valency 3. Hence if 

one of E~ or E2 belongs to @ then its boundary contains a vertex with valency 3. 

Finally, to show (III) we note that iM(E)= iM,(E) for E E ~'\{E,,E2} and 

iM (Ej) = iM,(E,) + 1 for j = 1,2. Consequently 

~ ( 4 -  iM(E))= z~%,, ( 4 -  iM(E))+ 4 -  iM(D) 

: E~,  ( 4 - i M , ( E ) ) + 2  

>= 6 -- (iM(E,) -- iM,(E~)) -- (iM(E2) -- iM,(E2)) + 2 

_>--6--2+2=6 

as stated. 

Finally, we mention one more case which can be dealt with immediately due to 

Lemma 5.2. 

5.5. LEMMA. Let D be a boundary region of M. I f  iM(D) = 2 and D has a 

neighbour E~ with iM(EI) = 2, then (I), (II) and (III) hold for M. (See Fig. 19.) 

Fig. 19. 

PROOF. Let M ' =  M\{D, E1}. Let 9 '  be the set of boundary regions of M' 

guaranteed by the induction hypothesis for M'  and let E2 and E3 be the 

neighbours of D and E1 which are different from D and E~. If iM,(Ej) = 1 for 

j = 2 or 3, we are done because then we may take ~ = {D, Et, Ej}. So assume 

iM,(E~)=>2 for j = 2,3 and let ~ = (~'\{E2,E3}U{Dt,Et}).  (I) and (II) for 

follow from the corresponding properties for 9 ' .  

Now 

~ , \  ( 4 - iM(E) )  = s~ , \  ( 4 -  iM,(E)) >-- 6--(r~'d~,4--iM,(E)). 
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Since iM,(E) = 2 for E E ~, 4 - iM,(E) =< 2, hence XEe~,x,(4-- iM(E)) >= 6 -- 4 = 2. 

On the other hand, iM(D) = iM(EO=2, hence ( 4 -  iM(D))+(4-- iM(EI))=4. 

Consequently Z e ~ ( 4  - iM(D)) ----> 2 + 4 = 6, as required. 

Due to these lemmas, we shall make the following hypotheses: 

Y(3: M has no boundary regions D with i u (D)=  1. 

Y(4: M has no boundary regions D with iM (D) = 2 such that the inner vertex of 

0D has valency 3. 

Y(5: M has no boundary regions D and E with iM(D) = iM(E) = 2 such that 

9E f) 9D contains an edge. 

In order to deal with the cases not covered by ~3, Y(4 and ~s, we have to 

introduce a special class of "one layer" maps around the region assumed by 

Lemma 5.2. 

5.6. DEFINITIONS. Let M be a map and let D be a boundary region of M. 

(a) For k = 1,2,3 call D a k-corner of M if 

(i) 3D tq tgM is connected; 

(ii) i ( D ) = k ;  

(iii) if i ( D ) =  3 then 3D has an inner vertex with valency 3 in M. 

(b) D is an 0-corner if M consists of D only. Denote the set of all the 

k-corners by Cork(M) and let 

Cor(M) = COrl(M) 1.3 Cor2(M) U Cor3(M). 

(c) Let M be a connected and simply connected map. Let S be a connected 

submap of M consisting of regions D1 . . . . .  D, and let M'  be the map obtained 

from M by deleting all the regions of S. 

S is called a boundary strip in M if the following hold: 

(i) M' is connected (hence nonempty); 

(ii) S is either simply connected or annular (see Figs. 20(a), (b) and (c)); 

(a) (b) (c) 

Fig. 20. 
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(iii) ODjn OM is connected and contains an edge j = 1 . . . . .  r; 

(iv) OD, N O M ' ~ O , j = I  ..... r; 

(v) 0D, N ,gDj+, contains an edge, j = 1 . . . . .  r - 1  (see Fig. 21). 

M 

Fig. 21. 

5.7. LEMMA. Let M be a connected, simply connected map satisfying ~ ,  

i = 1,2,3,4,5. Let "Z be a maximal boundary strip in M and let M ' =  M\E. Let 

E @ Cor(M'). Then either 

(a) OE n OM' C_ OM, or 

(b) OE n aM'C_ aE (see Fig. 22). 

(a) (b) 

Fig. 22. 

PROOF. If E is annular, cgM'C_ OE. Thus let us assume that E is simply 

connected. Let D '  and D" be the extreme regions of E. If both (a) and (b) fail to 

hold, then E has a common boundary edge with at least one of the regions 

D',D",  say with D' ,  since 3E n OM' is connected. We claim that OE n OEC_ 

OD'. Assume not. Let D be the neighbour of D '  in E (see Fig. 23). 
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M 
(b) 

(a) 

Fig. 23. 

If OD N OM'= v, a single vertex, then the pair (D ' ,D)  violates Yfs (see Fig. 

23(a)). Hence OD O OM' contains an edge. But then OE n c~D also contains an 

edge, a contradiction to Y(~. (See Fig. 23(b).) Thus OE O 0"2 C_ OD'. 

If M' contains a single region E (which means E ~ Cor0(M')) then OE n 0"2 C 

OD' implies that D' is the single region of £, contradicting Yg~. (See Fig. 24.) For 

EECork(M') ,  k =1,2,3, the map M" obtained from M' by deleting E is 

connected. Therefore, adjunction of E to ~ yields a strip ~ which properly 

contains ~, in contradiction to the maximality of ~. Consequently either (a) or 

(b) holds. 

The following proposition is central to the main result. 

Fig. 24. 

PROPOSITION. Let M, ~ and M'  be as in the previous lemma. Assume that if 

aM N cgM' is a single vertex v then it is not an inner vertex o`f cgE N c~E. (This case 

will be considered in the next lemma.) (See Fig. 25.) Let E E Cork(M'), k > 0 

and assume that dE n OM' C O"Z. Then there exist distinct regions F~,..., Ft in M 

such that the following three conditions are satisfied: 



(a) El ~ Cork,(M),.. . ,Ft E Cork,(M); 

(b) 8F~/q 8M' C OE\{v~, v2}, where v, and v2 are the endpoints of dE Cl OE (see 

Fig. 26); 

(c) E',=, ( 4 -  iM(F,))= E',=, ( 4 -  k,)_>-4 - k. 

V 
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Fig. 25. Fig. 26. 

PROOF. Let E, be the minimal substrip of E which contains OE f3 OM'. 

Denote CM,(E) = 4 -  iM,(E) and CM(E) = Eo~ ,  [ 4 -  iu(D)]. We propose to 

show that CM(E)>= CM,(E). 
Let /z = 3E N OM'. If v is a vertex on /~ with valency =>4 and v is neither 

o(/-~) nor t(/~), then E contains a region F E Cor2(M) which contains v on its 

boundary. On the other hand if al of the vertices of p,, which are neither o(/z) 

nor t(/~), have valency 3, then at least a~ -  1 regions of E which contain these 

vertices on their boundary belong to Cor3(M). (See Fig. 27.) Consequently if the 

number of non-extremal vertices of p, with valency 4 is b~ then 

(1) CM(E) >- a , -  1 +2b, .  

M 
(a) 

(b) 

(c) 
Fig. 27. 
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Denote by a2 and b. the number of the remaining vertices on OE which have 

valency 3 and valency _>- 4 respectively. Then because of the property CN(1) we 

have 

(2) a2 + b2 = k + 1. 

Assume now that d ( E ) >  4 and d ( E ) ~  8. Then the W(4) condition implies 

(3) a~ + a, + 2(b, + b2) _-> 9. 

Combining (2) and (3) gives 

(4) a, + 2 b , -  1 => 7 -  k - b_,. 

Now if k = 3  then be=<3; if k = 2  then b: < 3  and if k = l  then b2=<2. 

Consequently in all cases b: =< 3, hence 

(5) 7 - k - b2 => 4 - k = CM,(E). 

Substitution of (4) and (5) in (1) gives CM(E) > - CM,(E) as required. 

Assume now d ( E ) =  4. Then k = 1, or 2. Since all the vertices on OE have 

valency 4 we get d~ = 0, a2 = 0 and bt => 1 in case k = 2 and b, > 2  in case k = 1. 

Accordingly CM(E)>= CM,(E)holds in all cases, as required. (See Fig. 27(b).) 

Finally, assume d ( E )  = 8. (See Fig. 27(c).) Then a, + b~ = 8 -  (k + 1) = 7 -  k. 

Consequently, by (1), 

C v ( E ) > = a , - l  + 2b, 

i.e. CM(E)> CM,(E), as required. 

= a~ + b, + (b~- 1) 

= 7 -  k + ( b , - 1 )  

= 6 - k + b l > 4 - k  

= CM,(E), 

5.8. LEMMA. Let M, E, and M'  be as in the previous lemma. Assume that 

aM' fq aM consists of a unique vertex v. Let E ~ Cork(M') and assume that 

v E dE and v is not an endpoint of dE f3 aM' (see Fig. 28). Then k >= 2 and one of 

the following holds: 

(a) M has a region F E Cor2(M) with v ~ OF such that OF f3 aM' contains an 

edge and is contained in 3E (see Fig. 28(a)), or 

(b) Cor(M') has a subset 9 '  not containing E, such that 

(*) o~.a. (4 - i (D))  >= 6 

is satisfied. (See Fig. 28(b).) 
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V 

. v 

M (b) 
(a) 

Fig. 28. 

PROOF. Let D '  and D" be the extreme regions of E. Then by ~4 and Y(s we 

have OE N OM'C_ OD'U OD" (see Fig. 29). Consequently, if E~,...,Ek are the 

neighbours of E in M'  then 

(**) the neighbours of E in M are Ej ..... Ek, D'  and D". 

We claim that k _>- 2. First, k > 0, i.e. E cannot be the single region of M'  for the 

following reason: Because of the CN(2) property, E contains at least three 

regions, contradicting (**). Hence k = 1. But if k = 1, then dM(E) = 3 by (**), 

contradicting W(4). Thus k => 2, i.e. k = 2 or k = 3. Assume (a) does not hold. 

We show that (b) necessarily holds. Let M" be the map obtained from M'  by 

deleting E. Then M' contains at least 2 regions, therefore Cor(M") has a subset 

~ '  such that (*) holds by ~2, We propose to show that N' C_ Cor(M'). To this end 

it is enough to show that E1 . . . . .  Ek do not belong to Cor(M"). Assume that one 

of the Ej belongs to Cor~(M"), l _-> 1. We distinguish two cases: 

Case i. k = 2. Then by (**) dM(E) = 4, hence all the boundary vertices of E 

have valency at least 4. Consequently OE C30M' consists of a single vertex, since 

(a) does not hold (see Fig. 29(a)). 

(a) (b) 

Fig. 29. 
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Hence the neighbours of El. in M are those which are in M" together with E. 

This implies dM (E~) = l + 1. Since dM(Ej) >= 4, we have l = 3, i.e. Ej E Cor3(M") 

and all the vertices on OEj have valency at least 4. But by the definition of 

Cor3(M"), 0Ej contains a vertex with valency 3, a contradiction. Consequently, 

Ej ~ Cor(M"). 

Case 2. k =3.  (See Fig. 29(b).) Then by (**), dM(E)=5.  We claim that 

OEj N OM' consists of at most one vertex for/ '  = 1,2,3. (See Fig. 30(a).) This is 

clear for j = 2. On the other hand if OEj N aM' contains an edge for j = 1 or 

] = 3, then since (a) does not hold, this edge necessarily has an endpoint vi with 

valency 3 (see Fig. 30(b)). But then since v, E OE, by the definition of Cor3(M"), 

OE contains at least 2 vertices with valency 3. This however contradicts the 

condition W(4) as dM(E) = 5. Thus OEj f-10M' consists of at most one vertex. If 

j = 2 and Ej C Cor~(M") then the neighbours of E~ in M are those in M" 

together with Et (or E3) and E, hence dM(Ej) = l + 2. But then l = 2 or 3 and 0Ej 

contains at least I -  2 + 1 vertices with valency 3. This however violates the 

condition W(4). v 

(a) (b) 
Fig. 30. 

If j = 1 (or j = 3) then the neighbours of Ej are those in M" together with E, as 

cgEj f3 cgM' does not contain an edge. Accordingly dM(Ej) = l + 1. Thus l = 3, as 

dM(Ej) --> 4 and l _-_ 3. But then dM(Ej) = 4 and aEj contains a vertex with valency 

3, by the definition of Cor3(M"). This again violates the condition W(4). 

Consequently E j~  Cor(M") and the lemma is proved. 

5.9. We now turn to the proof of the theorem. By Lemmas 5.3-5.5, we may 

assume that ~ . . . . .  Ms hold. By Lemma 5.2 M has a maximal boundary strip E. 

Let M'  be the map obtained from M by deleting E. Assume first that M'  

contains more than one region. Then, again by the induction hypothesis Cor(M') 

has a subset ~ '  such that 

(1) o ~  [ 4 -  iM,(D)] > 6. 
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By Lemma 5.7 we can write 9 ' =  9'~t] 9~ where OE f'l OMC_ OM for every 

E E 91 and OE Cl OM'C_ 0E for every E E 9 ; .  By Lemma 5.8 we may assume 

that if OM' fq OM consists of a unique vertex then no element E of 9 ;  contains v 

on its boundary as an endpoint of OM' f'l OE. Consequently, by Proposition 5.7, 

for every E E 9 ;  f3 Cor~(M') there are regions ~ E Cork,(M), j = 1,...,  l such 

that if tz = OE C) 0E then 

(2) 

(3) 

aM n C 

(4 - iM (F/)) _-> 4 - k. 
i = l  

Denote by @2 the set of all the ~ we get from @~ this way. Let @ = 9't U 92. 

Then 9 _C Cor(M) and as 9', f'l 9z = O we get 

(4-iM(D))= ~ (4-iM,(D))+o~%(4--iM(O)) 

i.e. 

:> Z (4 - iM'(D)) + ~ (4 -- iu,(D)) 
D C ~ I  O 2 

__e- 6 by (1), 

by (2) and (3) 

(*) o ~  (4 - iM(D)) >--_ 6. 

Finally, assume I M'I = 1. Then E contains at least three regions by Y(3, Yg4 and 

~°5 (see Fig. 31(a)). If E contains exactly 3 regions then E E Cor3(M), by CN(3), 

(a) (b) 

(e) (d) 
Fig. 31. 
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hence ~ = {the regions of M} satisfies (*). On the other hand, if E contains more 

than 3 regions (see Figs. 31(b) and (c)) then we distinguish three cases: 

Case I. Z is simply connected. Let D '  and D" be the extreme regions of E. 

Then dM(D') = dM(D") = 2 and if 12 contains no more regions F with riM(F) = 2 

then dM (F) = 3 for every F @ E\{D', D"}. 

Case 2. 51 is an annular map and OE N OM = 0 .  Then the condition W(4) for E 

immediately implies (*). 

Case 3. 12 is annular and OE A OM consists of one vertex. Then the arguments 

of Case 1 hold. 

This completes the proof of the Theorem. 

ACKNOWLEDGEMENTS 

I am glad to have the opportunity to express my appreciation and most cordial 

thanks to Professor E. Rips for introducing me to small cancellation theory. His 

suggestions improved this paper substantially. I am also grateful to Professor 

Anthony Joseph for his constant attention and encouragement. 

REFERENCES 

1. A. Juh~isz, Small cancellation theory with a weakened small cancellation hypothesis. II, 
submitted. 

2. A. Juh~isz, Small cancellation theory with a weakened small cancellation hypothesis. III, 
submitted. 

3. A. Juh~isz, Geometrical aspects of some groups defined by commutator type relators. L 
submitted. 

4. A. Juh~isz, The solution of the conjugacy problem [or certain one relator groups. I, submitted. 
5. A. Juh~isz, The solution of the conjugacy problem for certain one relator groups. II, in 

preparation. 
6. A. Juh~isz, Reduction theorems for small cancellation groups, submitted. 
7. A. Juh~isz, Groups defined by Engel type relators, l, submitted. 
8. R.J. Lyndon and P. E. Schupp, Combinatorial Group Theory, Springer-Verlag, Berlin, 1977. 
9. S. Shahar, M.Sc. Thesis, The Hebrew University of Jerusalem, 1982. 


